The notion of an orthogonal system of polynomials in several variables in finite fields is introduced which generalizes a concept of orthogonality by Kurbatov and Starkov. Necessary and sufficient conditions for orthogonality in terms of character sums and permutation polynomials are given. Results of Carlitz on systems of equations in finite fields and earlier results of the author on permutation polynomials in several variables are generalized.
Introduction.
In [4] Kurbatov and Starkov introduced the notion of orthogonality modulo a prime of two polynomials F(x, y) and G(x, y) with integral coefficients. This concept can be extended to systems of polynomials in an arbitrary number of variables over finite fields. Necessary and sufficient conditions are given for a system of polynomials to be orthogonal.
In addition, the strong relation to the theory of permutation polynomials in several variables as developed in [5] , [ó] and to the work of Carlitz Using the terminology established in Definition 1, we could as well say that/ is a permutation polynomial if/ alone forms an orthogonal system. It follows immediately from Definition 1 that every nonempty subsystem of an orthogonal system of polynomials is again orthogonal. In particular, every polynomial occurring in an orthogonal system is a permutation polynomial.
On the other hand, the following theorem shows that every orthogonal system of m polynomials in n variables with m<n can be extended to an orthogonal system containing more polynomials.
This was stated implicitly in Carlitz [2, p. 391], but we give a different proof which does not refer to the theory of invariants. (ki, ■ ■ ■ , km)EKm; thus the sum on the right-hand side of (1) is equal to:
which is zero if at least one Ô, is nonzero. Conversely, if the condition of the theorem is satisfied then we have:
lau-.-.a^eK" Proof. This follows easily from a criterion for permutation polynomials given in [5] which corresponds to the case m = 1 in Theorem 2. (i) g(xi, ■ ■ ■ , xn) is a permutation polynomial with all cosets of the system of fi being cosets of g as well.
(ii) g(xx, The preceding theorem also generalizes another known result. For in the case m = n, we get a simple corollary the content of which is already contained in Carlitz [l, p. 409], but is stated there in a different fashion.
Corollary.
There is a one-to-one correspondence between orthogonal systems fiixi, ■ ■ ■ ,x"), 
